54F45, 55M10
Introduction
All spaces in the paper are assumed to be Tychonoff and all maps continuous. By C (X M) we denote the space of all maps from X into M. We say that a metric space M has the fibered approximation property in dimension (briefly, M ∈ FAP( )), where ≥ 0, if for any > 0, any ≥ 0 and any map : I × I → M there exists a map : I × I → M such that is -homotopic to and dim ({ } × I ) ≤ for all ∈ I . In the paper we investigate the class of spaces having the FAP( )-property, where ≥ 0. According to [10] , this class contains all Euclidean spaces. It is shown in Theorem 2.1 below that a complete metric space has the FAP( )-property if and only if it has locally the same property. So, any Euclidean manifold also has the FAP( )-property, ≥ 0. Another FAP( )-spaces are described in the last section. For example, if M is a manifold modeled on the -dimensional Menger cube, or M = I , then M × Z has the FAP( )-property for any completely-metrizable space Z .
We also introduce a subclass of FAP( )-spaces, the strong FAP( )-spaces, see Section 4. For example, any product of finitely many 1-dimensional completely metrizable LC(0)-spaces without isolated points is a strong FAP( )-space for all ≥ 0 (Corollary 4.1). Next theorem is the main result in this paper. 
Corollary 1.1.
Let : X → Y be a perfect 0-dimensional surjection between paracompact spaces and M be a completely metrizable ANR. Then the maps ∈ C (X M) with dim ( −1 ( )) = 0 for all ∈ Y form a dense G δ -subset of C (X M).
Corollary 1.1 was obtained in [10] in the particular case when Y is a C -space and M an Euclidean space (see also [11] for the case X compact, Y a C -space and M = I).
Corollary 1.2.
Let M ∈ FAP( ) be a completely metrizable ANR and : X → Y a perfect -dimensional surjection between paracompact spaces with Y being a C -space. Then the maps ∈ C (X M) such that dim (
The version of Corollary 1.2 with M being an Euclidean space was established in [10] . Let us explain the notions in Theorem 1.1. A map ∈ C (X M) is homotopically approximated by maps from a set ⊂ C (X M) means that for every function ε ∈ C (X (0 1]) there exists ∈ which is ε-homotopic to . Here, the maps and are said to be ε-homotopic, if there is a homotopy : X × I → M connecting and such that each set ({ } × I) has a diameter < ε( ), ∈ X . The function space C (X M) appearing in this theorem is endowed with the source limitation topology whose neighborhood base at a given function ∈ C (X M) consists of the sets
where ρ is a fixed compatible metric on M and ε : X → (0 1] runs over continuous positive functions on X . If X is paracompact, the source limitation topology does not depend on the metric ρ and it has the Baire property provided M is completely-metrizable. We say that a map : X → M is simplicially factorizable [1] if there exists a simplicial complex L and two maps 1 : X → L and 2 : L → M such that = 2 • 1 . In each of the following cases the set of simplicially factorizable maps is dense in C (X M) (see [1, Proposition 4] 
M is locally contractible. The dimension dim ( ) was defined in [1] : dim ( ) of a map : X → Y is equal to the smallest cardinal number τ with the following property: for every open cover of X there is a map :
τ is a -disjoint map. The last one means that every ∈ ( ∆ )(X ) has a neighborhood V such that ( ∆ ) −1 (V ) is the union of a disjoint open in X family refining . According to results from [5] , [6] and [9] , for any perfect map : X → Y between paracompact spaces we have:
Some properties of FAP( )-spaces
Suppose that (M ρ) is a complete metric space and Z ⊂ M a closed set. For a perfect surjective map : X → Y between paracompact spaces with dim ≤ and a subset H ⊂ Y , let
, where H ⊂ Y and ≥ 1, denote the set of all maps ∈ C (X M) satisfying the following condition:
Recall that the order of γ( ) is ≤ provided any point of M is contained in at most + 1 elements of γ( ).
Lemma 2.1. 
It suffices to show there exists a neighborhood V of in Y such that
Indeed, otherwise there would be a sequence { } ≥1 ⊂ X such that { ( )} ≥1 converges to and ρ ( )
Passing to a subsequence, we may assume that { } ≥1 also converges to a point Proof. The lemma follows from the proof of [2, Proposition 3.3] . For completeness, we provide the arguments. We consider only the first case, the second one is similar. Suppose 0 ∈ (H Z ). Then, by Lemma 2.2, for every ∈ H there exist a neighborhood V and a positive δ ≤ 1 such that ∈ ( Z ) for any
The family {V ∩ H : ∈ H} can be supposed to be locally finite in H. Then the set-valued map
So, we take such a and fix ∈ H. Then there exists ∈ H with ∈ V and α( ) ≤ δ for all ∈ −1 ( ). Hence, ρ 0 ( ) ( ) < δ , ∈ −1 ( ). Therefore, according to the choice of V and δ , ∈ ( Z ).
Lemmas 2.1 and 2.3 imply the following proposition.
Proposition 2.1.
in any of the cases ( ) and ( ) from Lemma 2 3.
Next lemma is very useful when dealing with homotopically dense subsets of function spaces. Here, a set U ⊂ C (X M) is said to be homotopically dense in C (X M) if for every ∈ C (X M) and ε ∈ C (X (0 1]) there exists ∈ U which is ε-homotopic to .
Lemma 2.4 ([1, Lemma 2.2]).
Let X be a metric space and
Then, for any ∈ G and ε :
U( ) and an ε-homotopy connecting and . Moreover,
Corollary 2.1.
Let X be a metric space and {G } ≥1 a sequence of homotopically dense G δ -subsets of C (X M). Then the set
∞ =1 G is also homotopically dense in C (X M).
Proof. Each G is the intersection of a sequence {G } ≥1 of open sets in C (X M).
Since G is homotopically dense in C (X M), so are all G , ≥ 1. Then we apply Lemma 2.4 for the sequence {G } ≥1 with G being the whole space C (X M).
We are going to show the local nature of the FAP( )-properties.
Theorem 2.1.

A complete metric space M possesses the FAP( )-property if and only if every ∈ M has a neighborhood U ∈ FAP( ).
Proof. It Claim 2.1.
, such that A ⊂ I and B ⊂ I are homeomorphic to I and I , respectively, and
and let :
This, according to the Homotopy Extension Theorem, implies that −1 ( ) are also homotopically dense in C (K U 0 ). So, by Corollary 2.1,
. Then there exists a map ∈ which is -homotopic to 0 |K . Applying again the Homotopy Extension Theorem for the maps |L and 0 , we obtain a map * ∈ C (I × I M) such that * |L = |L and * is -homotopic to 0 . Let us show that * ∈ ( 0 ), or equivalently, dim * ({ } × I ) ∩ B( 0 0 ) ≤ for every ∈ I . It is easily seen that
. Therefore, the proof of the claim is reduced to show that dim (({ }×I )∩A 0 ) ≤ for any ∈ π(A 0 ). And this is really true. Indeed, for any such let ( ) which is δ-homotopic to . It is easily seen that
. This completes the proof. 
be the set of vertices of K and L, respectively, and fix 0 ∈ C (K M) and > 0. First, we assume that K is a simplex. Then L is also a simplex and, since dim = , −1 ( ) ∩ K (0) contains at most + 1 points for every vertex ∈ L (0) . Consequently, we can find a map (0) :
Here, σ is a -dimensional simplex. This map induces an affine map : K → σ . Then
is homeomorphic to a subset of { } × σ . Moreover, it follows that is -homotopic to 0 . Therefore, in this case (L M) is homotopically dense in C (K M). Now, we can prove the general case. Let {K : ≤ } be all simplexes of K and for each ≤ we denote
. So, by Corollary 2.1, it suffices to show that each is homotopically dense in C (K M). Using the previous case, each set
. Therefore, there exists a map ∈ which is -homotopic to 0 |K . Then, by the Homotopy Extension Theorem, can be extended to a map ∈ C (K M) -homotopic to 0 . Obviously, ∈ . So, each is homotopically dense in C (K M) which completes the proof. ( ) ⇒ ( ) This implication is trivial because any projection π : I × I → I is a simplicial map with respect to suitable triangulations of I and I × I .
Proof of Theorem 1.1 and Corollaries 1.1 -1.2
In this section, following the notations from Section 2, we assume that (M ρ) is a completely-metrizable FAP( )-space. As we already observed, every ∈ C (X M) is simplicially factorizable provided M is an ANR. Moreover, if : X → Y is a perfect map between paracompact spaces, then dim = dim ( ) when either dim = 0 or Y is a C -space [1] . Let us also note that every ANR has the FAP(0)-property. Hence, the proofs of Corollaries 1.2 and 1.3 follow from Theorem 1.1. By Proposition 2.1,
. So, to prove Theorem 1.1 it suffices to show that any simplicially factorizable map in C (X M) can be approximated by maps from (Y M). This will be done in Proposition 3.1 below. Recall that a map : K → L between two simplicial complexes is a PL-map if (σ ) is contained in a simplex of L and is linear on σ for every simplex σ ∈ K .
Lemma 3.1.
Let : K → σ be a PL-map between a finite simplicial complex K and a simplex σ with dim ≤ . Suppose Proof. We may assume that is simplicial because any PL-map between finite simplicial complexes is simplicial with respect to some triangulations of the complexes.
and their intersection is (σ M), see Lemmas 2.1 and 2.3. So, by Lemma 2.4, it suffices to show that each U( ) has the following property: any ∈ G can be homotopically approximated by maps from U( ) ∩ G. So, fix ∈ G, ≥ 1 and δ > 0. We are going to find ∈ U( ) ∩ G which is δ-homotopic to . Since |Ω = 0 |Ω, ∈ ( M ) for every ∈ ∂σ . Consequently, each ∈ ∂σ has a neighborhood V in σ with corresponding δ > 0 both satisfying the hypotheses of Lemma 2.2. Choose finitely many ∈ ∂σ , ≤ , such that V = ≤ V covers ∂σ . Let F = σ \V and η = min{δ δ : ≤ }. We consider such a triangulation T of σ that the complex L = {τ ∈ T : τ ∩F = ∅} is disjoint with ∂σ . Because K and σ are finite complexes, both they have triangulations T K and T σ such that T σ is a subdivision of T and remains simplicial with respect to T K and T σ . So, we can apply Theorem 2.2 to find a map
is a subcomplex of K , by the Homotopy Extension Theorem, 2 can be extended to a map : K → M which is η-homotopic to . We have ∈ ( M ) for all ∈ σ . Indeed, this follows from the choice of V and δ , ≤ (when ∈ V ), and from 1 ∈ (σ M) (when ∈ L). Hence, ∈ U( ) ∩ G which completes the proof.
Next step is to prove that the set (L M) is homotopically dense in C (N M) for any perfect PL-map : N → L between simplicial complexes with dim ≤ .
Lemma 3.2.
Let N L be simplicial complexes and :
Proof. We follow the arguments from the proof of [1, Lemma 11.3] . Fix ∈ C (N M) and α ∈ C (N (0 1]) . We are going to find ∈ (L M) which is α-homotopic to . Let L ( ) , ≥ 0, be the -dimensional skeleton of L and put L (−1) = ∅ and −1 = . Construct inductively a sequence ( : N → M) ≥0 of maps such that
Assuming that the map 
, we can apply Lemma 3.1 to find a map :
It can be shown that is 
Now, we can complete the proof of Theorem 1.1.
Proposition 3.1.
Let : X → Y be a perfect map between paracompact spaces with dim ( ) ≤ . Then every simplicially factorizable map ∈ C (X M) can be homotopically approximated by simplicially factorizable maps
Proof. We follow the construction from the proof of [2, Proposition 3.4] . Fix a simplicially factorizable map ∈ C (X M) and ∈ C (X (0 1]). Then there exist a simplicial complex D and maps
Since D is a neighborhood retract of a locally convex space (see [3] and [8] ) and any sufficiently close maps from a given space into D are homotopic, we apply 
Using that α is a 1 -map and inf{ ( ) : ∈ U} > 0 for all U ∈ 1 , we can construct a continuous function 1 : N → (0 1] with 1 •α ≤ . Then, by Lemma 3.2, there exists a map 1 ∈ C (N M) which is 1 /2-homotopic to and dim 1 (
Obviously, is simplicially factorizable. It is easily seen that and are -homotopic and
The proof is completed.
Some more examples of FAP( )-spaces
The class of AP( 0)-spaces was introduced by the authors in [2] : we say that a metrizable space M has the AP( 0)-approximation property (br., M ∈ AP( 0)) if for every ε > 0 and a map : I → M there exists a 0-dimensional map : I → M which is ε-homotopic to . Next proposition provides a wide class of spaces with the FAP( )-property. Proof. We are going to show that every map = ( 1 2 ) : 
Corollary 4.2.
Any product of finitely many completely-metrizable 1-dimensional LC 0 -spaces without isolated points has the FAP( )-property for all ≥ 0.
